We present the Iwasawa decomposition theorem for the group Sp (2, R) in a form particularly suited to firstorder optics, and we exploit it to develop a uniform description of the shape-invariant propagation of several families of optical beams. Both coherent and partially coherent beams are considered. We analyze the Hermite-Gaussian beam as an example of the fully coherent case. For the partially coherent case, we treat the Gaussian Schell-model beams and the recently discovered twisted Gaussian Schell-model beams, both of which are axially symmetric, and also the axially nonsymmetric Gori-Guattari beams. The key observation is that by judicious choice of a free-scale parameter available in the Iwasawa decomposition, appropriately in each case, the one potentially nontrivial factor in the decomposition can be made to act trivially. Invariants of the propagation process are discussed. Shape-invariant propagation is shown to be equivalent to invariance under fractional Fourier transformation. © 1998 Optical Society of America [S0740-3232(98) 
INTRODUCTION
It is well known that laser resonators bounded by spherical mirrors have Gaussian beams as their fundamental modes and Hermite-Gaussian beams as higher-order modes. 1 These beams play an important role in firstorder optics. It is also known that first-order systems are in one-to-one correspondence with elements of the group Sp (2, R). 2, 3 An interesting property of these beams is that they propagate in a shape-invariant manner, not only under free propagation but also through any first-order system. That is, the effect of a first-order system on a Gaussian or a Hermite-Gaussian beam is simply to produce an overall scaling (beam expansion) and a phase curvature, apart from an on-axis Gouy phase. If the phase curvature and the square of the beam width are suitably combined into a single complex parameter q called the complex radius of curvature, then the effect of a first-order system is described by the Möbius (or fractional linear) transformation on q. This is the content of the celebrated Kogelnik abcd law. 4 The Gouy phase turns out to be a geometric phase, and its evolution is fully determined through considerations that are purely geometric. 5 Partially coherent analogs of the coherent Gaussian beams have played a basic role as model beams in modern theories of radiometry of partially coherent sources. These model beams include, among others, the Gaussian Schell-model (GSM) beams, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] the twisted Gaussian Schell-model (TGSM) beams, [16] [17] [18] [19] [20] [21] and the Gori-Guattari (GG) beams. 22 All three families of partially coherent beams have been shown, with a variety of methods, to propagate in a shape-invariant manner just as the coherent Gaussian beam does. Further, the Kogelnik abcd law has been generalized to the GSM beams [23] [24] [25] and the TGSM beams. 16 In the present paper we study the Iwasawa decomposition in the context of first-order optics and demonstrate its power by using it to study the propagation characteristics of all the above-mentioned families of beams from a unified point of view. The Iwasawa decomposition theorem is a fundamental result in the theory of Lie groups. 26 It applies to every semisimple noncompact Lie group and expresses the group manifold as the product of three welldefined subgroup manifolds. When applied to the group Sp (2, R), this decomposition enables one to handle the propagation of all the above families of beams from a purely algebraic point of view. In this process the Iwasawa factors of an Sp (2, R) system acquire welldefined physical meanings as the on-axis Gouy phase (phase-space rotation), the beam expansion, and the phase curvature.
These methods are actually of more general use. But in this paper we consider only their application to the problem of shape-invariant beam propagation.
The contents of this paper are organized as follows. We recall in Section 2 some elementary facts pertaining to first-order systems and their action through unitary operators on the Hilbert space of square-integrable complex-valued wave amplitudes. Then we introduce the Iwasawa decomposition for Sp (2, R) , the group of first-order systems. Explicit expressions for the Iwasawa parameters are presented in terms of the entries of the ray-transfer matrix of the first-order system under consideration.
Application of the Iwasawa decomposition to shapeinvariant beam propagation is presented in Section 3. We analyze in turn the coherent Hermite-Gaussian beams and the partially coherent GSM, TGSM, and GG beams. The analyses in all these cases are presented from a uniform point of view that consists principally in choosing the value of a free parameter ␣ involved in the Iwasawa decomposition in such a manner that the action of the phase-space rotation factor of the decomposition on the beam under consideration becomes effectively trivial. This is the only potentially nontrivial factor, for the other two factors of the decomposition (scaling and phase curvature) act in a simple beam-independent local manner. The value of the free parameter so fixed plays the role of the Rayleigh range, uniformly in all cases, and fully determines the propagation characteristics of the beams in all four families. The invariants appropriate for the different classes of beams are presented.
The connection between Iwasawa decomposition and fractional Fourier transformation [27] [28] [29] [30] is examined in Section 4. Whereas the effect of free propagation, or the action of any other first-order system, on a shape-invariant beam is simply to produce a scaling and a phase curvature on the beam, its effect on a beam that is not shape invariant is shown to be equivalent to a fractional Fourier transformation on the beam, followed by a scaling and a phase curvature. Section 5 contains concluding remarks.
FIRST-ORDER SYSTEMS AND THE IWASAWA DECOMPOSITION
We will be working in a Cartesian coordinate system (x, y, z) whose z axis is along the axis of the optical system under consideration. Let the two-dimensional vectors
be the position and the momentum (direction) coordinates, respectively, of a ray in a transverse plane. At the level of ray optics, an axially symmetric first-order system S is one that produces a linear homogeneous canonical transformation in the ray phase space for which x, p constitute a canonical coordinate system:
That is, the ray-transfer matrix of a first-order system is an element of the group Sp (2, R) ϭ SL (2, R) . Since x has the dimension of length while p is dimensionless, relations (2.2) imply that a,d are dimensionless while b,c have dimensions of length, (length) Ϫ1 . To avoid confusion, we note that the column vectors in relations (2.2) should be viewed as two-dimensional objects, each component taking values in a two-dimensional vector space R 2 . If one insisted on viewing these column vectors as four-dimensional objects, then in place of S one would have the Kronecker product S 1 2ϫ2 , where 1 2ϫ2 stands for the 2 ϫ 2 unit matrix.
The Sp (2, R) group of first-order systems is generated by the three linearly independent traceless matrices
where ␣ is an arbitrary real positive parameter with dimension of length. These matrices obey the commutation relations
These are very similar to the SO(3) or SU(2) commutation relations familiar from the quantum theory of angular momentum. Indeed, the only difference is in the signature on the right-hand side of the third relation. In other words, the Sp (2, R) commutation relations (2.4) are the same as those of SO(2, 1), the group of Lorentz transformations in the (2 ϩ 1)-dimensional Minkowski space. This was to be expected in view of the fact that Sp (2, R) is the double cover of SO(2, 1), just as SU (2) is the double cover of SO (3) , and hence Sp (2, R) and SO(2, 1) necessarily have the same Lie algebra. We do not consider any further the role of SO(2, 1) in first-order optics, for this has been discussed extensively elsewhere. 23, 31 At the level of paraxial-wave optics, one considers the Hilbert space L 2 (R 2 ) of square-integrable (complexvalued) wave-amplitude functions in a transverse plane. The phase-space variables x, p of ray optics are now promoted to Hermitian operators x ϭ (x 1 , x 2 ), p ϭ (p 1 , p 2 ), and this process is known as formal quantization or wavization. 32, 33 The definitions of these operators are similar to those of position and momentum operators in quantum mechanics on the plane, with ⑄ ϵ /2 ( is the wavelength) playing the role of ប:
Now consider the following dimensionless Hermitian operators on L 2 (R 2 ), the Hilbert space of finite-energy wave amplitudes:
Here, as in Eqs. (2.3), the arbitrary parameter ␣ is real positive with dimension of length. It is clear that the operators T a (␣), a ϭ 0, 1, 2 satisfy the commutation relations
Since these relations are the same as the Sp (2, R) commutation relations (2.4), we have realized the Lie algebra of our group Sp (2, R) through Hermitian operators and hence the group Sp (2, R) itself through unitary operators in L 2 (R 2 ) with T a as generators (except for some subtle aspects noted below).
For any three real numbers (␤ 0 , ␤ 1 , ␤ 2 ) ϵ ␤, the linear combination ␤ a J a , with J a (a ϭ 0, 1, 2) as defined in Eqs. (2.3), and assuming summation over repeated indices, is in the Lie algebra of Sp (2, R), and hence its exponential is an element of the group Sp (2, R):
Let us define
and arrange x , p into a column vector
Then we have the easily verifiable identity
Further,
Thus Eqs. (2.8) and (2.10) set up an explicit isomorphism between the Hilbert-space unitary operators generated by T a and the Sp (2, R) ray-transfer matrices of first-order systems generated by J a . In view of this isomorphism we will henceforth denote the Hilbert-space unitary operator corresponding to S Sp (2, R) by Û (S). The map from S to Û (S) is not one to one. The two unitary operators Û (S) and ϪÛ (S) represent one and the same S in Sp (2, R). In other words, these unitary operators form a faithful representation of the metaplectic group 2, 31 that is the double cover of the infinitely connected Sp (2, R). But this subtle aspect does not affect our considerations in this paper, and hence we do not discuss it any further.
We note in passing that the action of Û (S) on a wave amplitude ⌿(x) L 2 (R 2 ) is given by the well-known generalized Huygens integral:
Here ␦ (2) (x Ϫ axЈ) represents a two-dimensional Dirac delta function. It may be noted that the integration becomes trivial when the upper off-diagonal entry b equals 0. In what follows we shall exploit this fact.
To introduce the Iwasawa decomposition at the rayoptic level, consider the following three special oneparameter subgroups of Sp (2, R) ray-transfer matrices, generated by J 0 , J 1 , and J 0 ϩ J 2 :
Note that , are dimensionless, whereas g has dimension of (length) Ϫ1 . Clearly, R() represents (scaled) rotation in phase space (a square-law medium is a system with such a ray-transfer matrix), M() represents a magnifier that scales x up by the factor m ϭ e /2 and p down by the same factor, and L(g) represents the action of a thin lens of power g (i.e., focal length g Ϫ1 ). We now state the Iwasawa decomposition theorem, which will play an important role in this work.
Iwasawa decomposition theorem:
The ray-transfer matrix of any first-order system can be written as the product of a phase-space rotation, a magnification, and a lens action. That is, 15) and this factorization is unique in the sense that the parameters of the factorization are uniquely determined in terms of S, and it is global in the sense that it applies to every S Sp (2, R). The ranges of g, , are as in Eqs. (2.14).
To prove the theorem, note that the factors L(g), M() and R() on the right-hand side of Eq. (2.15) are elements of Sp (2, R), and hence the product is in Sp (2, R). To establish the uniqueness, simply substitute for L(g), M(), and R() from Eqs. (2.14) and solve for the parameters g, , in terms of the elements of the given Sp (2, R) matrix:
This completes the proof of the theorem, and we note that g, , are always well defined.
One has an interesting choice in remembering the decomposition (2.15). It can be remembered either as the lens-magnifier-rotation decomposition or simply as the left-middle-right decomposition.
We note that the Iwasawa decomposition theorem (also called the K AN theorem) is a fundamental result in the theory of Lie groups valid for every semisimple noncompact Lie group, with the factors involved in the decomposition belonging to a maximal compact subgroup K , a maximal Abèlian subgroup A, and a maximal nilpotent subgroup N . 26 For Sp (2, R) these are all oneparameter subgroups generated by J 0 , J 1 , and J 0 ϩ J 2 , respectively.
It may be noted in passing that several different types of matrix decompositions of first-order systems have been considered previously by other authors. 34, 35 It should be appreciated that the Iwasawa decomposition enjoys the special property that it applies globally to the entire group manifold, for every noncompact semisimple Lie group. 26 To obtain the Iwasawa decomposition theorem at the wave-optic level, one may simply appeal to the isomorphism between Sp (2, R) and the group of Hilbert-space unitary operators generated by T a . This leads to the following Iwasawa decomposition for every unitary operator Û (S), S Sp (2, R):
The parameters g, , are again determined by the elements of the matrix S through Eqs. (2.16), and the above decomposition is unique for every Û (S).
Note from the generalized Huygens principle (2.13) that the Iwasawa factors Û (M()) and Û (L(g)) act locally and simply on any wave amplitude ⌿(x) L 2 (R 2 ), because they correspond to ray-transfer matrices M(), L(g) for which the upper off-diagonal element b ϭ 0:
That is, these operators effect, respectively, a phase curvature and a scaling on the wave amplitude. Also, the free parameter ␣ is absent in these two cases, by careful construction of L(g) in Eqs. (2.14). But the other Iwasawa factor Û (R()) corresponds to the (␣-dependent) ray-transfer matrix R() for which b 0, and hence it acts nontrivially as a genuine integral transform given in Eqs. (2.13).
Of particular interest is the special case of R() with /2 ϭ /2. In this case
where ⌿ is the (two-dimensional) Fourier transform of ⌿. That is, rotation of the amount /2 in phase space, which interchanges x and p (i.e., takes x to xЈ ϭ ␣ p and p to pЈ ϭ Ϫ␣ Ϫ1 x) in the ray picture, acts as the (scaled) Fourier transformation in the wave picture. And this is precisely what we would have expected from our familiarity with quantum mechanics.
Finally, it must be appreciated that the actions of Û (M()) and Û (L(g)) on the wave amplitude are local in the sense that the value of the output wave function at a point is determined by that of the input wave function at just one unique point: they produce simply a scaling and a phase curvature on every wave amplitude.
APPLICATIONS OF THE IWASAWA DECOMPOSITION
In this section we apply the Iwasawa decomposition of Sp (2, R) to several problems of shape-invariant beam propagation in first-order optics. The first one is at the level of the wave amplitude, and the others are at the level of the cross-spectral density. Since our principal aim is to demonstrate the power of the Iwasawa decomposition as a computational technique, we choose familiar problems.
In the Iwasawa decomposition of Sp (2, R) presented in Section 2, we introduced a free parameter ␣ with dimension of length. This parameter plays two important roles. First, it helps in keeping track of the dimensions of the various objects involved in our analysis. To appreciate the second role, which is more important for many applications, recall that the Û (L(g)) and Û (M()) factors of the Iwasawa decomposition (2.17) always act in a simple ␣-independent and local manner on the wave amplitude. It turns out that in a broad class of problems the action of the potentially nontrivial Û (R()) factor can be rendered trivial by appropriate choice of the value of ␣. This role of ␣ is fundamental to shape-invariant propagation, as will become clear from the several examples that we discuss below. The physical results, of course, will be expected to be independent of the choice of value for the free parameter ␣.
A. Hermite-Gaussian Beams
As our first example we use the Iwasawa decomposition to study the propagation characteristics of a HermiteGaussian beam whose field amplitude in the waist plane (assumed to be the z ϭ 0 plane) is given by
where n 1 , n 2 are nonnegative integers, w 0 is a measure of the beam width or spot size in the z ϭ 0 plane, and A is a constant. It is well known in elementary quantum mechanics that ⌿ n 1 ,n 2 (x; 0) given in Eq. (3.1) are the eigenstates of a two-dimensional isotropic oscillator. Further,
) is analogous to the Hamiltonian operator of the oscillator with scale parameter ␣.
Thus one expects that ⌿ n 1 ,n 2 (x; 0) are eigenstates of T 0 if the scale parameter ␣ is chosen to match the width parameter w 0 . Indeed, with the choice
we find
To study the propagation characteristics of the HermiteGaussian beams by using the Iwasawa decomposition, recall that free propagation through a distance z is described by the ray-transfer matrix 
Since ⌿ n 1 ,n 2 (x; 0) is an eigenvector of T 0 ,
where
is the well-known Gouy phase. And in view of the local nature of the action of the other two Iwasawa factors Û (M()) and Û (L(g)), we have
With the definition
we have the final result This coincides with the well-known result for the propagation of Hermite-Gaussian beams. 1 We rendered the action of Û (R()) on ⌿ n 1 ,n 2 (x; 0) trivial by choosing ␣ to equal z R ϭ w 0 2 /. The reader will recognize that z R is the familiar Rayleigh range of the beam under consideration. The manner in which we fixed the value of ␣ and the interesting physical meaning of this value of ␣ will be found to recur in other problems to be considered below. To conclude this discussion, we can attribute the following physical meanings to the Iwasawa factors: Û (R()) gives the on-axis Gouy phase
G (z), Û (M()) gives the beam expansion w(z), and Û (L( g)) gives the phase curvature R(z)
Ϫ1 . For the purpose of comparison with the other classes of beams to be studied in what follows, we may note that there exists no invariant, other than the order (n 1 , n 2 ), associated with the Hermite-Gaussian beams under passage through first-order systems. That is, given two Hermite-Gaussian beams of the same order, there exists a first-order system that will transform one to the other.
B. Gaussian Schell-Model Beams
The problem we have just discussed was at the waveamplitude level. Now we consider problems that involve partially coherent beams, requiring us to work at the level of the cross-spectral density.
Note that under the unitary evolution ⌿(x) → ⌿Ј(x) ϭ ͓Û (S)⌿͔(x) of the wave amplitude in passing through a first-order system S, the cross-spectral density function undergoes the transformation 36 W͑x, xЈ; ͒ → WЈ͑x, xЈ; ͒ ϭ Û ͑ S ͒W͑ x, xЈ; ͒Û ͑ S ͒ † , (3.11) where is the frequency under consideration. The operator Û (S) stands for the generalized Huygens kernel acting on the x dependence and Û (S) † for the complex conjugate of this kernel acting on the xЈ dependence.
As explained in Section 2, Û (S) is a function of the Hermitian operators x j , p j , j ϭ 1. 2. It is clear that x j in Û (S) [ 
where ٌ 2 , ٌЈ 2 are the two-dimensional Laplacians acting respectively on the x, xЈ dependences. The actions of the other two Iwasawa factors Û (L(g)), Û (M()) on W(x, xЈ; ) continue to be simple and local:
The first class of partially coherent beams that we wish to study is the family of beams known as the Gaussian Schell-model (GSM) beams. Such a beam is specified by its cross-spectral density of the following form in a transverse plane (the plane z ϭ 0):
(3.14) Here ͉x͉ 2 ϭ x 1 2 ϩ x 2 2 , and so on. Clearly, 0 () and ␦ 0 () are measures of the beam width and the transverse coherence length at frequency in the transverse plane z ϭ 0; A is a positive constant.
To compute the propagation characteristics of this beam by using the Iwasawa decomposition, we will again exploit the fact that it is possible to choose the value of ␣ so that
Indeed, Eq. (3.15) is satisfied when
In other words, the effect of Û (R()) on W 0 (x, xЈ; ), computed through expressions (3.12) becomes trivial if we choose for the free parameter of the Iwasawa decomposition the value given in Eq. (3.16) . With this value of ␣ we have
Recalling that the actions of the other two factors are given by Eq. (3.13), we have for the cross-spectral density after propagation through a distance z
Thus, under free propagation of a GSM beam, the beamwidth and the transverse coherence length scale by m(z), and the beam picks up a phase curvature R(z):
In particular, the degree of global incoherence ␤() ϭ z ()/␦ z () is independent of z and hence constitutes an invariant of the propagation process. We may note that Eqs. determining the Rayleigh range z R and hence the propagation characteristics. This interplay is at the heart of the Collett-Wolf equivalence theorem. 37, 38 Further, since the far-zone angular divergence is given by 20) we conclude that all GSM beams whose beam widths 0 () and coherence lengths ␦ 0 () lead to the same value for the expression
have the same far-zone angular divergence. It is clear that such beams constitute a one-parameter family. The point is that these beams can range from highly coherent ͓␤() Ӷ 1͔ to highly incoherent ͓␤() ӷ 1͔ ones but still have the same angular divergence (i.e., the same measure of directionality).
C. Twisted Gaussian Schell-Model Beams
As another example of shape-invariant partially coherent beams, we consider the recently discovered twisted Gaussian Schell-model (TGSM) beam. Its cross-spectral density in the plane z ϭ 0 (waist plane) has the form
where x ∧ xЈ ϭ x 1 x 2 Ј Ϫ x 2 x 1 Ј stands for the cross product of x and xЈ. Again 0 () and ␦ 0 () are the beam width and the transverse coherence length, respectively, and A is a positive constant. The phase factor proportional to the cross product of the vectors x, xЈ is called the twist phase, and u 0 () is called the twist parameter. The latter has the dimension of (length)
Ϫ2 . An important property of the nonseparable twist phase is that the TGSM cross-spectral density (3.22) will be positive semidefinite, a requirement that every bonafide cross-spectral density should respect, if and only if the following uncertainty principle is satisfied 16 :
That is, the twist phase influences the eigenvalue spectrum of W 0 (x, xЈ; ), showing that this phase is qualitatively different from the more familiar phase curvature. In view of relation (3.23), we define a normalized twist parameter (), in addition to the degree of (global) incoherence ␤ ():
The signature of () determines the handedness of the twist. 16 To determine the propagation characteristics of this beam, we follow the same procedure as in the earlier examples. That is, we look for a value of ␣ such that Ĥ W 0 (x, xЈ; ) ϭ 0, where Ĥ and W 0 (x, xЈ; ) are given by relations (3.12) and (3.22), respectively. It is straightforward to verify that this happens when
On Iwasawa decomposing Û (F(z)) with this value of ␣, the Iwasawa factor Û (R()) acts as the identity operator on W 0 (x, xЈ; ), and we have
It is clear that Eqs. (3.27) constitute the complete solution to the problem of propagation characteristics of the TGSM beam. One can now appreciate the power of the Iwasawa decomposition method by comparing it with an earlier derivation of these results by a different procedure. 16 The expression z R in Eqs. (3.27) plays the role of the Rayleigh range. The manner in which the interplay among the waist size 0 (), the degree of incoherence ␤(), and the normalized twist parameter () influences the Rayleigh range, and hence the propagation characteristics of TGSM beams, should be appreciated. The farzone angular divergence of TGSM beams is seen to be
It follows that all TGSM beams with the same value for the expression 0 ()(1 ϩ 4␤ 2 ϩ 4 2 ␤ 4 ) Ϫ1/2 have the same far-zone angular divergence. Clearly, such beams now constitute a two-parameter family, and what we have is a generalization of the Collett-Wolf equivalence theorem to TGSM beams. Further, we see from Eqs. (3.27 ) that the ratio z ()/␦ z () is independent of z. That is, the degree of incoherence is an invariant of the propagation process. Finally, the product ␦ z () 2 u z () or, equivalently, z () 2 u z () is independent of z, and this constitutes the other invariant of TGSM beams under free propagation.
D. Gori-Guattari Beams
As our final example of partially coherent shape-invariant beams, we consider the anisotropic Gaussian Schellmodel (AGSM) beam with waist plane cross-spectral density:
In contradistinction to the TGSM beam, this is a separable elliptic beam of the type originally considered by Li and Wolf. 39 Clearly, 0 j () and ␦ 0 j () are the beam width and the transverse coherence length, respectively, in the x j direction.
Let us now impose the following constraint on the four beam parameters 0 j () and ␦ 0 j (), j ϭ 1, 2:
The cross-spectral density (3.29) with the constraint (3.30) corresponds to the shape-invariant (bladelike) AGSM beam studied by Gori and Guattari. 22 We will call it henceforth the Gori-Guattari (GG) beam.
To study the propagation characteristics of the GG beam by using the Iwasawa decomposition, we follow the procedure employed in the previous examples and look for the value of the free parameter ␣ such that Ĥ defined in relation (3.12) annihilates the GG cross-spectral density given in Eqs. (3.29) , so that the Iwasawa factor Û (R()) will leave the latter invariant. Straightforward calculation shows that Ĥ W 0 (x, xЈ; ) ϭ 0 when 31) where ␤ j ϭ 0 j ()/␦ 0 j () is the degree of (global) incoherence along the x j axis. We carry out Iwasawa decomposition of Û (F(z)) for this value of ␣, so that the Iwasawa factor Û (R()) acts trivially on the GG cross-spectral density. The other two Iwasawa factors act simply as always, and we have
where 
invariants of the propagation process. While ␤ 1 (), ␤ 2 () represent the degree of global incoherence in the x 1 , x 2 directions, ⑀ () and ⑀ ␦ () represent the ratios of the major and the minor axes (i.e., eccentricity) of the intensity and the coherence ellipses, respectively. An elementary consequence of this invariance is that the constraint (3.30) is respected by the propagation process:
That is, the beam width and coherence length parameters z j (), ␦ z j () obey in all transverse planes the GG constraint that we imposed in the waist plane. One obvious consequence of this invariant constraint is that if the intensity ellipse has its major axis along x 1 , then the coherence ellipse necessarily will have its major axis along x 2 .
CONNECTION WITH THE FRACTIONAL FOURIER TRANSFORM
We have seen in Section 2 that
is a unitary operator for every value of and that it represents rotation in phase space. We have further seen in Eqs. (2.19) that Û (R()) represents Fourier transformation if ϭ . It follows that Û (R(/m)), for any integer m Ͼ 1, is a unitary operator whose mth power is the Fourier transform operator. In other words, Û (R(/m)) is an mth unitary root of the Fourier transform operator. That is, it is the fractional Fourier transformation operator of order m. [27] [28] [29] [30] Thus an optical field that is invariant under Û (R()) for all values of is invariant under fractional Fourier transformation of all orders, and the converse is also true. The reader will appreciate that the various families of shape-invariant beams that we studied in Section 3 are precisely fields of this type. Familiarity with quantum mechanics has taught us to expect a symmetry underlying every invariance in physical phenomena. Recalling that a state or configuration is said to possess the symmetry represented by an operator if it is an eigenstate of the given operation, we find that shape invariance of these various families of beams can ultimately be traced to their symmetry under fractional Fourier transformation of all orders (i.e., to symmetry under scaled rotations in phase space).
A beam that does not propagate in a shape-invariant manner necessarily changes its form under phase-space rotation Û (R()). That is, such a field does not reproduce itself under fractional Fourier transformation. It turns out that Iwasawa decomposition throws valuable light on the propagation characteristics of such fields as well.
Gori et al. 40 have recently introduced the interesting concept of shape-invariance range. Naturally, this range becomes infinitely large for the class of shape-invariant beams studied in this paper. Let ⌿(x) be an optical field that is not necessarily shape invariant. To study the effect of a first-order system S on this field, consider the Iwasawa decomposition
Clearly, the rightmost factor Û (R()) changes ⌿(x) to its fractional Fourier transform, the middle factor Û (M()) scales this fractional Fourier transform, and finally Û (L( g)) impresses a phase curvature on the resulting field. Thus, the effect of a first-order system on an optical field is simply a fractional Fourier transformation, apart from a scaling and a spherical phase front. The Iwasawa parameters corresponding to free propagation through a distance z are given in Eqs. (3.5) . In particular, we have
Therefore, as the beam propagates, it undergoes a phasespace rotation through angle (z), which is a monotonic increasing function of z, starting with (0) ϭ 0 and approaching (ϱ) ϭ . Thus, free propagation is a continuous unfolding of phase-space rotation or fractional Fourier transformation, apart from a z-dependent scaling and phase curvature. 30 The point is that the difference between Fresnel propagation (or passage through any first-order system) and fractional Fourier transformation is comprised entirely in this scaling and phase curvature, which do not affect the shape of the beam. Thus shape invariance under Fresnel propagation (or under passage through any first-order system) is exactly the same thing as shape invariance under fractional Fourier transformation of all orders.
CONCLUDING REMARKS
We have studied the Iwasawa decomposition theorem in the context of first-order optics and demonstrated its power by deriving the propagation characteristics of several classes of shape-invariant beams from a unified point of view. An attractive feature of this approach is that all the calculations are rendered algebraic, which circumvents the need to handle the generalized Huygens kernel and the associated integral transforms.
The key to the exploitation of the Iwasawa decomposition technique in handling all these classes of beams consisted in choosing the value of the free parameter ␣ admitted by the decomposition in such a manner that the action of the otherwise nontrivial Iwasawa factor Û (R()) was rendered trivial. This special value was found to acquire physical meaning as the Rayleigh range z R of the beam under consideration.
The dependences of the phase curvature R(z) and the beam expansion coefficient m(z) on the axial distance z from the waist plane have the universal forms
for all these classes of beams, it being understood that the expression for z R appropriate for the class of beams under consideration is used. The beam widths and the coherence lengths scale by m(z), and the twist parameter scales by m(z) Ϫ2 (similarly to the inverse square beam width); and the beam acquires a spherical phase front of radius R(z) as it propagates through a distance z from the waist. This constitutes a complete description of the propagation characteristics of all these beams.
We summarize the invariants for the various classes of beams. These are the degree of global incoherence ␤() ϭ z ()/␦ z () for the GSM case, ␤ () and the twist parameter () ϭ u z ()␦ z () 2 in the TGSM case and ␤ j () ϭ zj ()/␦ zj (), j ϭ 1, 2, and z1 ()/ z2 (), ␦ z1 ()/␦ z2 () in the GG case. These quantities are invariant not only under free propagation but also under the action of all Sp (2, R) first-order systems. For the Hermite-Gaussian beams there are no such invariants.
Finally, although the Iwasawa decomposition technique applies to every (noncompact) semisimple Lie group, as noted earlier, our aim in the present paper was only to demonstrate its power, and so we contented ourselves with axially symmetric first-order systems corresponding to the simplest possible noncompact semisimple Lie group Sp (2, R). When axial symmetry is relaxed to allow general astigmatic lenses, the family of first-order systems becomes enlarged into the ten-parameter semisimple Lie group Sp (4, R) of all real linear canonical transformations in the full four-dimensional phase space. None of the above families of beams is mapped onto itself under this larger group. It is known that the most general possible AGSM beams constitute a ten-parameter family, of which the GSM, TGSM, and GG beams are all well-defined subfamilies. 36, 41 It is also known that this ten-parameter AGSM family is mapped onto itself under Sp (4, R) and hence forms the natural family for the action of Sp (4, R) first-order systems. 36, 41 We shall return in a future publication to the application of the Iwasawa decomposition of Sp (4, R) for a detailed analysis of the larger AGSM family of beams and the passage of these beams through general Sp (4, R) first-order systems.
